Let c : SU (n) → P SU (n) = SU (n)/Zn be the quotient map of the special unitary group SU (n) by its center subgroup Zn. We determine the induced homomorphism c * : H * (P SU (n)) → H * (SU (n)) on cohomologies by computing with the prime orders of binomial coefficients.
Main result
The center subgroup of the special unitary group SU (n) is the cyclic group Z n of order n generated by the diagonal matrix diag{e 2π n i , · · · , e 2π n i } ∈ SU (n). Let c : SU (n) → P SU (n) := SU (n)/Z n be the quotient homomorphism, and consider the induced cohomology map with coefficient R either the field Q of rationals, or the ring Z of integers: generated by the ξ 2r−1 's. Conceivably, there exist integral classes ζ 2r−1 ∈ H 2r−1 (P SU (n); Z), as well as a sequence (a n,2 , · · · , a n,n ) of integers, such that (1.1) the set {1, ζ I = Π i∈I ζ 2r−1 , I ⊆ {2, · · · , n}} of square free monomials in the ζ 2r−1 's is a basis of the free part of the ring H * (P SU (n); Z);
(1.2) the induced map c * satisfies that c * (ζ 2r−1 ) = a n,r ξ 2r−1 , 2 ≤ r ≤ n.
See in the proof of Lemma 2.2 for the justification of the statements (1.1) and (1.2). In addition, since the mapping degree of c is the order of the center Z n , and since the product ζ 3 · · · ζ 2n−1 is a generator of the top degree cohomology
shows that the sequence (a n,2 , · · · , a n,n ) of integers must satisfy the constraint (1.3) n = a n,2 · · · a n,n .
In view of the relation (1.2) it is of clear topological interest to study the problem of expressing the sequence (a n,2 , · · · , a n,n ) as explicit function in n. By the prime factorization of an integer n ≥ 2 we mean the unique decomposition n = p r1 1 · · · p rt t with 1 < p 1 < · · · < p t the set of all prime factors of n. For an integer n ≥ 2 with the prime factorization p
and let Q(n) be the complement of P (n) in {2, · · · , n}. Our main result is
This result implies, in particular, that the decomposition (1.3) coincides with the prime factorization of the integer n.
In the remaining parts of the paper the cohomologies is over the ring Z of integers. Based on an arithmetic characterization of the integers a n,k obtained in Lemma 2.2 we establish Theorem 1.1 in Section 3.
Preliminaries in topology
The center of the unitary group U (n) of order n is the circle subgroup
1 is isomorphic to P SU (n) [1] , while the quotient map C : U (n) → P SU (n) is both a group homomorphism and an oriented circle bundle over P SU (n). Let ω ∈ H * (P SU (n)) be the Euler class of the bundle C. For a pair (n, k) of integer with 1 ≤ k ≤ n we set
Lemma 2.1. The class ω is a generator of the group H 2 (P SU (n)) = Z n , and the subring J n (ω) ⊂ H * (P SU (n)) generated by ω has the presentation
Proof. Let G be a compact and 1-connected Lie group whose center is the cyclic group Z q of order q. Consider the circle bundle
, and that the unitary group U (n) is isomorphic to SU (n) × S 1 /Z n . Taking a maximal torus T on P SU (n) the transgression τ in the fibration π : P SU (n) → P SU (n)/T fits into the short exact sequence (see [2, (3. 2)])
Moreover, with respect to the canonical Schubert basis {ω 1 , · · · , ω n−1 } on the cohomology H 2 (P SU (n)/T ), the subgroup Im τ = ker π * ⊂ H 2 (P SU (n)/T ) is spanned by the subset (see [2, Theorem 3.4])
Consequently, the induced map π * satisfies that
On the other hand, by [2, i) of Theorem 7.1] the ring H * (P SU (n)/T ) has the presentation
with c r (ω 1 , · · · , ω n−1 ) the r th elementary symmetric polynomials in the set {ω 1 , ω k − ω k−1 , −ω n−1 , 2 ≤ k ≤ n − 1} of cardinality n. By (2.3) and (2.4) the map π * carries the ring H * (P SU (n)/T ) surjectively onto the subring J n (ω) ⊂ H * (P SU (n)), and induces the desired isomorphism
Note that b n,k | b n,k−1 with b n,1 = n and b n,n = 1. An arithmetical characterization for the integers a n,k specified in (1.2) is given in the following result.
Proof. The Gysin sequence of C provides us with an exact sequence relating the cohomologies H * (U (n)) and H * (P SU (n)) (see [6, p.149] , [2, Theorem 2.3]): In addition, let p : U (n) → SU (n) be the projection that corresponds to the
while the map p * carries H * (SU (n)) isomorphically onto the first summand of the decomposition due to a)
By the relations b) and (2.1) the order of the class θ(ξ 2r−1 ) ∈ H * (P SU (n)) is
. By the exactness of the sequence (2.5), and taking into account of the decomposition c), there exists a set Φ = {ζ 2r−1 ∈ H 2r−1 (P SU (n)), 2 ≤ r ≤ n} of classes satisfying the relations
With (2.6) corresponding to (1.2) it remains to show that the set Φ of classes does satisfy property (1.1). Setting m = dim P SU (n) then the product ξ 3 · · · ξ 2n−1 is a generator of the top degree cohomology group H m (SU (n)) = Z by d). Since the mapping degree of c is n the calculation
indicates that the class ζ 3 · · · ζ 2n−1 is a generator of the top degree cohomology H m (P SU (n)) = Z. Consequently, by [3, Lemma 4.2] the set {1, ζ I = Π r∈I ζ 2r−1 , I ⊆ {2, · · · , n}} of 2 n−1 monomials is linearly independent, and spans a direct summand of the free part of H * (P SU (n)). The routine relation dim(H * (P SU (n)) ⊗ Q) = dim(H * (SU (n)) ⊗ Q) =2 n−1
shows that property (1.1) is satisfied by the set {1, ζ I = Π r∈I ζ 2r−1 , I ⊆ {2, · · · , n}} of classes.
The prime orders of binomial coefficients
Let R + and N be, respectively, the set of positive reals and the set of natural numbers. For a real x ∈ R let [x] denote the unique integer satisfying 0 ≤ x − [x] < 1. It is straightforward to see that Lemma 3.1. For any x, y ∈ R + , m, n ∈ N, with x + y = m + n, we have
